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AN EI.EC’TROMAGNETIC-ANALOGY METHOD OF SOLVING

LIF’TING-SURFACE-THEOFW PROBLEMS

By Robert S. Swanson and Stewart IvI.Crandall

SUMMARY

A method is suggested for making lifting-surface
calculations by- means of magnetic measurements of an
electromagnetic-an?.log,y model. The method is based on
the perfect mlalo~~~ between the strength of the ma~netic
field ar’ouncl a conductor and the strem{;th of the ~nduced-
velocity field around a vortex. A].ectrfc conductors are
arranged to represent the vortex sheet. ‘The magnetic-
field strength is determined by me:zsuri.ng, with ail elec-
tronic voltmeter, the voltage 5.nduced in a small search
cotl by the alternotinj< current in the wires representing
the vortex, sheet.

Solutions of nonlinear lifti.n~-surf’ace problems may
be obtained by placing the conductors representing the
trailing vortices along the fluid lines (Helrnholtz con-
dition). A potential-flow solution for the distortion
and rollin: up of the trai.li.ng-vortex sheet may be obtained.
By use of th@ Prandtl-Glauer’t rule, the lifting-surface
theory rney be adapted to include first-order compressibility
effects.

A comparison we.s made of the downwash. determined by
means of a preliminary electromagnetic-analogy r.odel with
the downwash obtained by calculation for an elliptic wing
having an aspect ratio of 3. ‘The accuracy of the maCgnetic
measurements compz,red satisfactorily with the accuracy of
the downwas’n calculations.

INTRODUCTION

There are many important aerodynamic problems for
which solutions by Iffting-lfne theory are inadequate.
These problems can be solved much more satisfactorily by
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a lifting-surface theory; that is> a theory in which the
lift is assumed to be distributed over a surface instead
of alon[$ a line. The calculations ‘necessary to determine
~ol~.tions by ].if’ting-surface theory, however, are r~t,her
laborious even for the simplified case in which the vari-
ation in incremental pressures with the effective camber or
the angle of attack of’ the surface i.s linear. A more exact
non.1.inear solution is very nearly impossible to calculate
except for a few s,pecia.1cases. A few of the aerodynamic
problems for which solutions by lifting-surface theory are
desired are: the :plan-form corrections necessary for the
prediction of finite-span hinse-momen-t characteristics .
from section datp; the determination of spanwise and chord-
wise 10~ld distributions of win~s with low aspect ratio}
wings with sweep, win<gs in sideslip, winEs in roll} and
winp,s in turning flj.ght; more exact solutions for the
uns~eady lif’t of finite winqs; and an improved theory of
the field of flow near propellers.

In reference 1 it wzs shown that “the plan-form correct-
ions determined from liftin~-line theory are inadequate
for hinge-moment vred.ictions. The plan-form corrections
determined by a l~neer liftirlg-surface theory (reference 2),
however, were shown to “be quite satisfactory for the pre-
diction of hinge moments at small angles of attack. Far
wings at larger an~les of attack, especially for wings with
square tips, a nonlinear lifting-surface theory is required.

The electromagnetic-analogy method was developed in
an attempt to inake ca.lculatioi~s by both linear and non-
linear lifting-sul-face theories practical. ‘The time and
:expense required to build and test an electromagnetic-
analogy model of a wing and wake were expected to be small
compared with the cost of appiying other methods available
a.tpi”esent, even for the lineer case. The electroma@etic -
analogy method is based on the fact that the magnetj. c
field ai-ound a wire carrying electric current j.s perfectly
analogous to the velocity field around a.vortex.. It has
also been slhown (reference ~ ) that the lifting surface and.
wake may be represented by a vortex sheet and may therefore

be replaced by conductors a..rrangedin the confj.guration
of the” equivalent vcrtax sheet. Simple measurements of
the magnetic-field strength then replace the difficult
induced-velocity calculations.

For nonlinear solutions of lifting-surface problems,
the trailing-vortex sheet represented by the wires is
rolled up and distorted instead of lying in a plane as it
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is usually assumed to do. In figure 1 is shown a sirip’lified
picture. of a..r.ectsngul~r wing of low aspect ratio at a large
angle of attack with -& r-olle-dti@““anddi’~-t’o”~”t”~dtra~.ling-
vortex sheet. Of the various features of the distorted
vortex. sheet that contribute to. the -nonli.nearit”y, fihe most
important is the vertical spacing of the trailing vortices.
The increase in vertic~l spacing as the angle of attack is
increased results in a decrease in the vertical component
of induced velocity at the surface, especially near the
wing tips; thus the, slope of the lift curve is increased
a.s the angle of attack increases (see reference 4.) and the
slopes of hinge-moment curves are more, negative (refer-
ence 1).

The present report describes the basic theory of the
electromabgetic-a.nalotgy method and the general procedure
by which various aerodynamic problems ray be solved by this
analogy. A few preliminary results for the linear case
are presented for a.n elliptic w~.ns having an aspect ratio
of ~, as well as a conrpa~i.scn of the results obtained by
the present method and the results calculated by the method
of reference 2.

SYPBOLS

r vortex strength

Ap pressure difference across lifting surface

v free-stream velocity

M math number, ratio of free-stream velocity to sonic
velocity

P fluid density

x distance along free-stream direction from leading
edge of wing

Y sp.anwise distance

z vertical distance above plane of vortex sheet

H magnetic-field strength
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current in ccmductor

induced voltage

length of conductor or vortex

distence from element of conductor or vortex to point
in question

induced velocity

vertical component of induced velocity (downwash)

horizontal component of induced velocity (f’ree-stre~
direction)

constant

time

s-pan

chord

Bar above symbol indicates a vector, as ~, ~, ~, and ~.

BASIC THEORY

Solution of Aerodynamic Froblems by Available

Lifting-Surface Theories

The distribution of lift over a lifting surface C~nOt,
~ene.ral, be exnressed in any simple mathematical form

such as cm be obtained by liftin,g-line theory. This state-
ment is especially true for nonlinear lifting-surface
problem-s. Except for a few special plan forms (references 5
and 6), the method of determining the induced downwash for
a given lift distribution also is too complex for expression
in mathematical form. In order to obtein a.n exact, complete
analytical solution, however, such expressions must be known.

The determination of the surface to sustain an arbi-
trary lift distribution may be accomplished by means of
the electromagnetic-analogy method described herein or,
for the linear case, by the semigraphical method of refer-
ence 2. The inverse problem, determining the lift distri-

.
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bution over an arbitrary surface, may then be solved by a
process of successive approxi.ma.tions. A reasonable dis.tri.-
b“utionof vor~icity ‘is assumed or calculated from the
simple lifting-line and thin-airi’oil theories, and the
induced velocities corresponding to that vortex distribution
are determined by making an electromagnetic-analogy model
of the vortex sheet and measuring the magnetic-field strength.
If the induced velocities do not satisfy the boundary con-
ditions - that ifi, the shape of the lifting surface - the ‘
vortex sheet is sut.t~bly altered and. the,process repeated
until the boundary conditions are ss’titif’ied. For the non-
linear problem, not only must the induced velocities satisfy
the boundary conditions of the wing shape but elso the
trailing vortices must satisfy the Helrnholtz condition,
namely, that the vortices ~iu~t trail. along fluid lines.
(See reference 7. ) In practj.ce, satisfying these simple
conditions may requjre a considerable amount of work unless
the first ~p;~ro.ximstion is fairly a.ccura.te. In order to
obtain a somewhat more general solution, for the linear
case Zt least, the surfaces required to supvort several
different lift d,istributicns ni~,y be determined so that the
shape for s particular lift distribution may be estir.ated
by ~ process of interpolation or superposition.

There are, howeve~, Seversll problems for which a com-
plete ~otential-flow solution of the inverse problem is not
necessary. For exmnpl.e, in order to include the m-sin
effects of viscos~ty, the estimation of the hinge-moment
parameter for finite- s~an win~s should be made by applying
theoretical aspect-ratio corrections to experimental section
hinge-moment parameters, For such problems the additional
aspect-r~tio corrections may be determined simply and
accurately from the surface required to support a given
lift distribution (reference 1) as fourrd by lifting-surface
the ory.

The results Gf the electromagnetic-~analofiy solution
of the lifting-surface theory may be corrected for first-
order com,pressibiltty effects by a si@le application of
the pr~dtl-Gl~uert rule (refe~~ence 8)0 The”ljlethod consists
of determining the incompressj.ble-flow cilaracteristics of
an equivalen; win,g the chords of which are increased by the

factor It is t~lerefore necessary only to build
%5-----Z “- M

an electromagnetic-analogy model of a wing of this slightly
/“

lower aspect ratio
(

1)lower by the factor _._.
qll - ~2) ‘r ‘o

test models of several aspect ratios and interpolate, Tile
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pressures (or vorticity) acting upon this incompressj_ble
equivalent of loweraaspect ratio, however, must be increased

by the factor
Jti? “

In order to find the lift, these

increased pressures. are referred to the original wing and
integrated.

Vortex Sheet

Inasmuch as the equivalence of’ a lifting wing and wake
to a vortex sheet may be considered to be well established
(reference 5) , only the important characteristics of the
equivalent vortex sheet apd the relations between the lifting
wing and the vortex sheet will be given.

The part of the vortex sheet representing the lifting
wing consists of a sheet of bound vortices. The strength
of t’he vortices is directly associated with the lift distri-
bution of the wing. The product of the air density, the
free-stream velocity, the vortex length perpendicular to
the free-stream velocity, and the vortex strength of each
elementary vortex equals the lift contribution by that
elementary vortex (Kutta-Jo’ulkowski law). If the lift
distribution of the wing is known or assumed, therefore,
the” equivalent vortex distribution may be easily obtained.
A continuous lift distribution (as measured by pressure
distribution Ap) may be integrated to give a continuous
vorte.x distribution. The integration formula (reference 2)
for obtaining the vortex distribution is

(1)

where pV is the product of the density and the free-
stre~ velocity and. the integration is made in the free-
stream direction. Equation (1) gives the chordwise
r-function at each section. The values of r at the
trailin~ edge of the wing at each section also give the
spanwise vortex distribution of the wake. The bound
vortices may be assumed to lie along a mean surface, half-
way between the upper and lower surfaces of the wing.

The part of the vortex sheet representing the wake
consists of the so-called trailing vortices. As the name
implies, these vortices originate at the trailing edge of
the wing and merely trail behind the wing. These vortices
are fr:e tq move and thus lie along ~he 10C?1 stream lines,
or flu~d lines. This simple kinematic condition, the
Helmholtz condition (reference 7), determines the configu-
ration of the trailing-vortex sheet.
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The trailing vortices for li~fitly loaded wings usue.lly
lie very near a plane; that is, these vortices travel
‘“”aim.o~t”strai~>t’’~-ack frdw.-”theitibi”i’~-inat the trailing
edge of the wing. For highly loaded wings, however, the
trailing-vortex Slieet is known to be consid.crabl;~ distorted,
rolled up, and incli~.ed with .re.~pectto the fu~e..st.rea.m
direction. (See f’ig. l.) The cb.aracteriscics 0.2 the air
flow behind wings are descr~.tied in more detaii i~l T~ef’er-
ences 9 and 10.

Electromagnetic Analogy

The perfect analogy that exists between the strength
of the magnetic field s.round conductors and the strength
of the induced-velocity field around colmar (f’inite-
diameter) vortices is well known. In fact, the phenomena
of the induced velocities around vortices are usually
explained. in aerodynamic textbooks b-y the a.r]a.lo~ywit]l
electromagnetic phenomena. Both phenomena are ~otential
flows .

The vector form of the differ enti~l equation for the
magnetic-field strength d~ a.t any point caused by the
current i flowing in an infinitesimal length d~ of

wire is (from p. 242 of reference 11)

(2)

where F is the vector from the current element to the
point ir. question. This equation is usually called the
.Biot-Savart law in aerodynamic textbooks.

The same form of’ equation (2) but with different
constants applies to the induced velocity d; at any
point caused by an infinitesimal lenj?th d~ of a vortex
of streng,th 1’- (reference ~); that

The units in which the various

-7
.L53

(3)

quantities in
equations (2) smd (3) are usually rne&ured are widely
different. In equetion (2), for example, H is usually
given in gauss, i in abamperes, and t and r in
centimeters . Ir~ equation (3), v is usually in feet per
second, T in feet squared per second, and t and r
in feet.
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small search coils are used to measure the strength
of tine megnetic field. These search coils must be cali-
brated in magnetic fields of known strength - for example,
in a Helmholtz coil (fig. 2). If the vortex equation (3)
and -the usual vortex units are used to cor.pute the induced
velocity in the Helmholtz coil (p. 269, reference 11) -
that is, are used as the calibrating unit - and if’ the
ammeter measuring the current in tb.e Iielmholtz coil is
considered to read vortex strength, conversions of electro-
magnetic to a.erodynainic units will not be necesssry. Al 1
conversions and constants become merely a part of’ the over-
all calibration constant of the search coils.

CONSTRUCTION OF ELECTROl!?AGhTZTIC-~ALOGY MODELS

Approximate Representation of Continuous Vortex Sheet

The replacement of a continuous vortex distribution
by a finite number of conductors must, of course, involve
some appro.xim2tion. Two procedures for ccmsiructin,~ models
have been tried.. For the prel.imir=!ry electromagnetic-
a.nslogy r.odel, a set of 50 circular electric wires carrying
the same current (connected in series) representing
50 columnar vortices of eaua.1 strength were distributed
over the wing =nd wake. (see fia. 3.) Tha =rrangem~n”t
of the wires was dete.rmhed as follows: ~1ft37 cOntjour

lines of r were c.21culeted from eqdation (l). (See
reference 2. ) Each wire W8.S placed halfway between two
adjacent T’-contour lin-es md. thus represented

L~Ima.x = 0.02. In order to illustrate the degree of

the approximation involved, the ccnti..nuous chordwise
r-ftul”etion at the plane of symmetry and the stepwise
distribution of wires used to represent the continuous
distribution are given in figure ~-.

The possibility of errors rezulting from the use of
an incremental distribution is, however, more serious than
sirr:plythe possibility of not obtaining a ~zood represer~-
tation of the distribution of vorticity in the continuous
wa’ke. The :1.nduceilvelocity resulting from an incremental
vortex pattern rlay vary greatly a’oout the mean v~lue that
would be obtained by the continuous sheet, because the
magnitude of the induced velocity vsries inversely wi,th
distance from the vortex core and becomes higher than the
meail v=lue on one side of each stepwise vortex incremer~t
and lower than the me?m value on the other side. The
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effect is illustrated in figure 5. It is thus necessary
to use as mtany wires as practicable to .approgch as nearly
as possible--a c ontinuous sheet-and -to-measure the induced
velocities at a great number of points so that the mean
value of the induced velocity may be obtained mope easily
and more accurately from faired curves.

The preliminary model, constructed of 50 w-ires, gave
satisfactory ,results and it is believed that 50 is about
the optimum number of’wires. Construction difficulties
are t“oo great if more wires are used, and the accuracy is
not great enough if fewer wires are used. Another, more
complex method of construction was a.do-ptedfor a few
models bUt the results obtained were not much more accurate
than those obtained with the simpler wire eon.struction
method, The other construction method was to use t:lin
aluminum strips (resulting in JIflat wires’t) rather than
circular copper wires (fig. 6) , t~le reascn for this type
of construction being thst a more nearly continuous distri-
bution of vorticity and a.corresponding sr.oother indUccd-
velocity field could be c~bta~.ned. The effect of eddy
currents in the aluminum strips proved to be more important
th?n was originally expected, however, and the Induced
maqnet,ic field was only sli;~htly smoother than with
circular wires and was n~t so re:~ul~p; thUS difficulties
in fairing the measured induced ma.flnetic field proved to
be s.bout the same for both types of model.

Correction for Finite Thickness Gf y~ires

Calculations by the lifting-surface theory are usually
made for points in the plane of the vortex sheet. Because
the wires representing the vortices are of finite thickness,
the magnetic-field strength must be measurad a.t several
vertical heights and extrapolated, to zero, that is, to the
center of’ the wires, Except near the wing tips and the
leacli.ngedge of the wing, this extrapolation is usually
linear and can thus be made quite accurately. The fact
that measurements are made above the wires simplifies the
fairing problem, because the voriation in the magnitude
of the vertical component of induced. ’velocity ,about the
mean value (fig. 5) decreases witn increase in vertical
height.
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Correction for Finite Length of Trailing-Vortex Sheet

For the steady-state condition of a finite-span lifting
surface, the trailing-vortex sheet extends from the trailing
ed~;e of the wing infinitely far downstream. It is necessary
to determine corrections for the finite len~th of trailing-
vortex sheet of the electromagnetic-analogy models. The
wires representing the incremental vortices were connected
in series; the closing loops were abou-t 0.7 span behind the
wing for one model and about 2 spans bek~ind the wing for
another model. (See fig. 3.) Because’ the correction for
the approximation of the infinite length of the trailing-
vortex sheet is fairly small - about a 5-percent correction
for a 0.7-span wake and less than l-percent correction for
a lb5- to 2.O-span wake - it appears tb~a.twakes need not
be lon~er Wan 1.5 spans. More dovmwash is contributed “by
the closing 100DS than by the missing trailing vortices.
‘l%e correction is simply the differer.ce boiween the down-
wash contribution of the closin~ loo:,~sand the contribution
of the missing part of the trailing-vortex sheet. The
corrections are sm~.11 and can -usually be estimated by
assumhg, tlhat the span loading is a simple rectangular
loadin~ or the sum of two rect~n$$ula~L” loadings.

The corrections Wlay also be deterw.ined from w.easure-
ments of the induced field ~t a distance behind the closing
wires equal to the lenk~th of wake repinesented. That is,
if a measurement is made at the correspondin~ s;~anwise
point 1 wake lsn~tkl “behind th.s model? the effect will be
the same as if a r,easurement were made on the i~’ingof the
downwash due to a mirror imsge of the modal reflscted from
the closing loops. Such an image woul.a cancel the effect
of the closin,q loops and would double the length of the
wake. The remsining error is relatively small.

SUGGESTED METHOD OF M~ASURINS ?LMWETIG-FIELD STRENGTH

Several methods of measurimg the magnetic-f:eld
strmgt”h were investigated. ‘The funi.amental principle of
the :me-thodselected as beiilg the sixjplest and as requiring
the least special equipnient and the least development work
is given herein. This method consists in passing alternating
currents through the wires representing ths vortex sheet
and messuring the i~,ap>et.ic-field strength by means of the
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volta,ge induced In a small search coil. A discussion of
other possible methods of measuring the magnetic-field.......—_-.
strength ‘is given in the appendixt

Basic principles ‘

According to the princj.pies of electromagnetic
induction (reference 11), the electromotive force induced
in a fixed circuit (the search coil, in this case) by
changing the ma~netic flux through the coil is equal to
the time rate of change of flux linkages with the coil.
If’ am alternating current is passed ‘through the wires
representin~ the liftlng wing and the wake, the magnetic-
field strength will also be alternating e.t the. same
frequency and with the sajilewave sha-ooo This l’act may be
seen from equation (2), because the “fl.ristantaneousvalue
of d~ is proportional to the instantaneous value of’ i.

A simple method cf determining the m~l~rletic-fielcl
StPSnStl-i, therefore, is ta n.easure with an electronic
voltmeter the vol.ta,geind~ced in a small so~!rc.hcGil (fig. 7)
when alternating current is ~assed. through the wires
representing the vortices (fig. ~)a
directional; that is,

I’he se.e.rchcoil is
this coil measures only Lhe component

of magnetic-field intensity alon~ the axis of the coil.

Upper-frequency limit.- Because the volts.gc fndu~ed
in the search coil is proportional. to ttm rate of change
of flux, it would seem desj-rable to use a very nigh-
frequency current so thet the voltage induced in the
search coil would be very large md thus somewhak ea.si.er
to measure. The maximum frequency that may be used,
however, is about 300 cycles, because th~ capacitance
between the closely spaced wires in the model representing
the vortex sheet becomes import~ant a’~ove this frequency.
If greater frequencies “are used, capacita.tive reactance
becomes sufficiently low to have perceptible effect. f~en

the capacitative reactmce between wires becomes small,
the current is not the same in all wires even tliough they
are connected in series. The maximum allowable freq~ency
was determined from measurements of the capa.citative
reactance of the electrcjma~netic-bnalogy model used for
the preliminary tests, to be described in the section
ll~r~~l~mfnary Tasts with Electromagnetic-klalogy Model.ff
The capacitative reactsnce, and thus the Iea.kage current
of this model, became measurable above about 300 cycles.
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Several other models tested have had about tb.e same or a
higher limiting frequency; therefore, a 300-cycle li:mi.t
is believed to be conservative.

Wave sha.pe.- The fact that the frequency is limited
to abb-dt 500 cycles also requires that the wave shape of
tlae current in the vortex sheet be very nearly sinusoidal;
that is, any departure from a simple sine wave means that
higher harmonic freq-mmcies are also present. L-suallv the
most nearly sinusoidal wave shape is obtained by putting
enou;zh condensers in series with the model to balence the
indu~tance of the model; in this way a pure r~esistance
load is put on the generator.

‘The easfest way to determint? the wave shape is to look
at the voltage output of’ the sezrch coil by means of an
oscilloscope. This wave shape is not thst of the curi”ent
in the wires but uepe~~ds on the rate of chmge of c-urrent i
with time t - ~ti~Leirl;~uce~vol~~a,:?e ethet isj is equal to
~ di

T’he PaPli tu.de of the third b.arnonic as seen on the~“

oscilloscope is> then, three times the ~w:plitude of the
actual third harrionic of the current.
wave shape of the

In other words, the
volt,aee output of the search coil looks

much more irregular than the wave shape of ‘chLecurrent iil
the wires actually is. If the ,fl]-ters t~+at are ~<d~ed to
the circuit ,mske t-he volt~f~e output of the search coil
av-pea.r ~atis.fp&CtOIQy, no further test is necessary.

Practiceily all alternators have wsve shapes that are
not sinus olda,l and. that cl-lan~ewith 10 ad. The wave f c)ri~i

of the current in the Hehiholtz coil, used to calibrate
the search coil, w.ust be ider.tical with that cf the current
in t;he electromagnetic-am alogy model. Probably the easiest
w ay to w.ake these w~ve forms identical is to connect the
Helrnhoitz coil and the electroinagnet ic-analogy model in
series . The Eelmholtz coil and the electroma.gnetic -
analogy model should be pl:~ced as far apart as possilble
and should be oriented in such a way that downwash me=.sure-
ments on the analogy mode 1 ai’e unaffected by the field of
the Helmholtz coil and that the Hel:mhoitz field is unaltered
by the &n dO~y- mo~el fiel-~ while the se~pc~l coil is >e in.g
calibrated. It would also be advan-~ageous to effect an
arrangement such that the se arc’h-coil calibration could
be checked frequently. A f’airly satisfactory arran~ement
was employed for the preliminary tests . (See fig. d.)
The leads frem the search coil were long enough to so to
either the Plelmlaoltz coil or the analogy model.



NACA ARR No* L5D23. 13

Search coils. - ‘Tineoptj.mum size of the search coil—..
depends upon two factors. First, the search coil must be
s.mall..,eno.ugh.-o.omake \t.lpOi.ntJJm~-a~~r-ements -possible . Zf
the coil 5.s too large and the magnetic-field strength varies
nonlinearly with posj.tion, the effective center of the
coil may be too f’ar from the geometric center, If the
coil dimensions me kept small relative to the wing, little
error due to this cause will result. The size of the”
search coil. therefore depends upon the size of the
electromagnetic-analogy model. The second. consideration
is that, for accurate voltage measurements, the voltage
output of the search coil should be at least 0.0001 volt
and a r,inimu.m value of 0.001 volt is preferable.

Several sizes of coil were trisd with the preliminary
~iodel,and it is felt that the ma.ximumrsize sea.i?chcoil
that gives measurements fairly close to point measurements
is one with a diameter about 1 percent of the wing semi-
span and e height about 0.5 percent o,f the vyin~~semispan.
In order to get the desired search-coil voltage output,
the model semispen must be at least 3 to ~ feet and the
search coil should have nbout 1000 turns and be wound with
about No. 43 wire (0.0022-in. diatn.). If a larger model
is used.~ larger wire m,ay be used to wind the clJil, althou~.h
wire as small as 0.001 inch was wound satisfactorily for
the coil used f’or the preliminary tests. It i.sprobably
desirable to have a riumber of search coils (fi~. 7) of
various sizes, however, to meei any speci~l conditions.

. Smaller coils ere desirable near the leaciing,eclge and tho
til:lsof the wing ~nd in other places Vvhe.rethe flux field
varies rapidly.

The search coil must be wound rather carefully so
that all loops are n.snearly perpendicular es possible to
the axis of the coil in order to maintain the directional
properties of the coil. ‘l’hecoil must then be carefully
mounted on the survey apparatus.. A test for the correct
mounting (o?? a’linement) of the coil is to read the voltage
output of the small coil when mounted with its axis vertical
at a “position on the electroma[~netic-ana.logy model where
the hor~zontal component of the magnetic field is stronger
than the vertj-cal component. %gardless of how the search
coil is turned ebout ‘its vertical axis, the voltage out-

!> put should be the sam:e if- the searchi”coil is kept at the
same place on the model.

The leads from the search coil to the electronic
voltmeter ,must be twisted so that r~o l~rge loops are present.
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Otherwise, the voltage measured by the electronic volt-
meter will not only be the voltage induced in the search
coil but will also consist of the voltage induced in these
leads. The errors resulting from pickup in the leads may
be made negligible by tightly twisting the leads, by
md<ing the number of’ turns in the search coil large so
that the lead pickup gives a small percentage error, and
by bringing the leads in perpendicular to the vortex sheet
so that the Ieaids will be in the region of low ma,:;netic-
field strsngth.

Extraneous fieldst- one of the most important problems
in me=uin~~~e~j=tic-field strength is to filter out
all extraneous fields. It is desirable to make the tests
in a wooden building fairly far fro-m electrical distur-
bances such .as el~ctric motors and computing machines.
Reasonably satisfactory results may be obtained in spite
of these disturbances,ii’ necessary, by the use of an
electrical i’ilter in t’he circuit of’ the search coii and
electronic volkmeter. Suc.”1a filter suppresses any voltage
of frequencies ot!:er than the one passing through ‘the
vortex sheet. Because the filter rlay act as a search coil
itseli’z it m-ust be located some distance from tine model.

Yeasuring e~uiornent. - illocurrent should be ~drawn i~~
measu~i~=%;ll-~o~iylb age, which is o.f the o~dei- of
only 1 millivolt. C,2.rn~2ercialelectronic voltmeters combine
the high sensitivity and hi;<h resj.stance demanded.
S1-flOUPtsof power

Small
-supply ripple usually exist in these .

vc!ltmeters . This power-supply ripple interferes with
mea,suvements made at inte,gra.1multiples of the line fre-
quency, and care...cho~~ld be taken to avoid use o.f these
frequencies in testing.

In or’~er to check the accuracy of the electroma&netic-
analogy meti~od of solving lifting-surface problems, a
vortex pattern for whi”ch the ir,duced velocities hac~ already
been calculated by the met>,od of refercr.ce 2 w~s inves.
tigated. Calculations weye made of’ the vertical component
of the velocities induced by a plane vortex sheet repre.
senting the lift distribution estir,ated from the two’-
dimensional theories for an elliptic wing having an aspect ‘
ratio of 3.
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Equipment
. ,. —., ,,

A si-na’i-l”-h~delof ih~””plfie vortex sheet: was constructed
of 50 wires representing 50 incremental vmtices. This
model (fi&. ~) represents about the smallest model (wing
span of 3.5 ft) that will yield satisfactory results. A
small search coil (fig. 7(.9.))of 1000 turns was used to
measure the magr.etic-field strength. A fielnholtz coil
(fig. 2) was used to calibrate the search ceil. The power
supply was a 500-cycle alternator driven by a direct-
current motor, the speed of which was controlled so that
the frequency output was held at 270 cycles. “The direct-
current field of the alternator, we.s ::djusted to give a
current output of 8 amperes. I’he wave shape was very
nearly sinusoidal (third .ha.rmonic, less than 4 percent of
the first ‘narmonic).

~G~ne trial tests v,~~~ ~!~~{j in the workshop of t.he
I,mqley Atmcsphsric Wind “Y’umnelSection. The results
proved unsatisfactory, however, because of exceszive elec-
tric and magnetfc Iilterferencs. T~~e appar~tus WaS then

moved to a l~rge wooden “builaingj in which there was very

little electric and .nfig,neticinterference . The setup is’
shown in f’iEure ~Ho The sm~ll amount of 60-cycle electric
i.nte~”ference that was still present was elir.inat,ed by
usin<: a 100-cycle k~i~’1-pa.ssfilter in the electronic-..-‘ .
voltmeter circuit.

Results

A complete survey was made of the induced-velocity
field (both the horizontal and vertical components) at
from 50 to 100 chordwise. points at each of 15 spanwise
locations on tha model and. at several vertics.1 hei~hts.
Near the leading edge and the tips of the model, the
effect of vertical hetght was very lar~e snd, at all
locations, the efi’cct was l~rge enough to rsquire surveys
at several heights in order tb.st the rtsults could be
extrapolated to zero vertical hefg;ht.

‘The most imnortant component of induced velocity
,> computed by lifting-surfece theory is the vertical component.

‘The only reason for mea.surin~ the horizontal coinponent is
to check the arrangement of’ the wires Pepresen.ting the
vorttces . According to the assumptions of thin-airfoil
t~~eo~yj the ~oriz~~t~~l col~ponentj of induced velocity is
groportionel to t;h.epz-essuie clistribution. ‘~alues of the
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horizontal coniponent u of the induced ve locity
z

measured at a relative vertical height of — = 0.00.!3
b/2

are shown in figure 9 along with the theoretical velocity
distribution that the wing was built to represent. The
arreernent is satisfactory and indicates that the model!.>
was constructed with sufficient accuracy.

Chordwise surveys of the rne~sured value of the ver-
tical component w o.f ihe induced velocity are presented
in figure 10 f’or several sp anwise locations and vertical
heights. (Not all of the cla-taare presented. ) ‘These and
similar data were extrapolated to zero vertical height
(fig. 11) and corrected for the finite length of the
traili.ns-vortex sheet (correction, about one--half of 1 peia-
cer~t) and are summar~.zed in fipme 12. Inciuded in fig-
ure 12 are the calculated values. The agreement between
the two sets of’ results riay be seen to be satisfactory.
The time and labor involved in obtainin~ the solution were
considerably less (approximately one-third the man-hours)
by the malogy method than by calculation, after the proper
expe.rim.ental technique had ‘been detetimined.

A method for r,aking lifting-surface calculations by
means of magnetic measurerients of an electromagrletic-
ana.logy model has been develc!ped. The method Is b=.sed on
the perfect sn.alogy between the strength of the m=gnetic
field around a conductor and the strength of the induced-
veloclty field around a vortex. Electric conductors are
arranged to represent bhe vortex sheet. The rna~etic-
field strength is determined by m.ea.suring, with an elec-
tronic voltmeter, the voltage induced in a small search
coil b“y tb.e alternatinfl current in the wires representing
the vortex sheet.

A comparison was made of the downwash determir~ed by
means of a preliminary electror,apyetic-an alo,~:ymodol ‘with
the dovvnwash o’ota.iriedby calculation for an elliptic wing
havins an aspect ratio of 5. The accuracy of’ the megnetic
measurements cow-pared satisfactorily with the accuracy of
the downwash calculations.

Other applications of the method include solutions
of nonlinear lifting-surface .probiems obtained bY placing
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the conductors representing the trailing vortices along
. the fluid -lines (Iiehnholtz, con.di.ti,on),. .A potential-f low

solution for the distortion and rolling up of the trailing-
vortex sheet may be obtained,. By use, of the Prandtl-
Glauert rule, the lifting-surf’ ace theory may be adapted
to include first-order compressibility effects.

Langley Memorial Aeronautical Laboratory
National Advisory Committee for Aeronautics

Langley Field, Va.
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APPENDIX

ALT’E3?ATE fiFiK!?HODSOF MZASURTNG MAGNETIC -FIELD ST’RENGT’H

By R. A. Ga.rdiner

Sever81 methods could be used to make the measurements
described in this report. The
are :

Pickup Device

10 With d.-c. field on wing

a.

bLJ*

c.

d.

Search coil (flip
coil or collapse
of field)

Rotatinp, search coil

With slip rinp;s

n~ith comml~.tator

S%urated-core
w.agnetome ter

Torsion-type
magn.etome tier

2. With a-c. field on wing

a. Saturated-core
magr,eto:rneter

b. Bisr.uth bridge

c. Seerch coil

methods that were considered

}iieasuring Instrument

Ballistic ~alv?.now.eter

.4-c. electronic voltxeter

D-c. m.plifier and voltw.eter

.~u~table electl’orii.c
equ~.r~m.ent

Suitable optical equinment

Whea.ts tone bridge

A-c . elect~on-ic voltmeter

The considers.tiorls that led to tl= choice of the
W.etb.odused (method 2C in the fore:oing list ) were the
simplicity, the sturdiness ancl a.vailabili’cy of the equi;prrient,
the development work required, tkle probe.ble success and
accurscy, the megnitude of field strenSth required, the
minimum possible size of the pickup device, and the free-
d.onifrom. in’~er.fere”riceof stray fie?.ds. ‘The outstxriding
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advantages or disadvantages of the various methods may be
, ~summarized -as follows:

Method la. - The” use of a search coil and ballistic
.galv~=meter is the established method of magnetic-field
measurement. In order to secure the necessary sensitivity,
however, a rather delicate galvanoineter would have to be
used and would probably require a special vibration-free
support. The flip coil would require tare readings of the
earthrs megnetic field. Wj-th a stationary coil and
collapsing field, the inductance of the wing would prevent
the desired instmtaneous collapSe, the galvanometers would
not be used in a true ballistic manner, and errors would
results

Method lb.- A rotating search coil and associated
equiptit have been used. to make riaqnetic measurements;
however, the induced voltages to b~-j!i~~sured are lower ljh~

thos e usually measured by this m,eth.od. The necessary
slidir.g contacts would probably introduce th~ermal
electromotive forces ar.d v~riable r,>sistance and woulcl be
subject to corrosion. Precision. machine work would be
necessery to minimize difficulties from the ~~otor ~md
bearings.

Methods lC mad 2a.- It is l-mown that a coil containing——.
a higli-permeability metel (Permalloy or Mumetal) will h-avc
a large induced voltare across its t~rwinals as the core
becomes magnetically ~aturate.d. This induced voltage is
due to the great change in inductance t“nat occ~rs at the
saturation point. This prj.nciple has been used in the
i-rieasurementof magnetic fields; the field to be measured
is superimposed upon a field set up in the core and the
cb-ange in voltage due to saturation is measured. Althou.@
this method can be made very sensitive, a large amount of’

electronic equipment is necessary and the presence of a
ferromagnetic substance might cause distortion of the field.

lviethodld.- ‘The use of torsion w.a~netorneter is am accurate
metho=f ineasuri.ng the earth!s field. A small magnet
suspended by a suitable fiber is deflected by the earthts
field. This deflection is w.easured and, from the known

@ magnetic moment of this magnet, the earthts field may be
determined. The measuring element is very sensitive and
the time necessary to take one ree.ding is rather long.
In addition, such an instrument would probably be of
delicate construction.

I I ■
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Method 2b. - Resistance change due to the presence of
magnetic l!nes takes place in bismuth. Measurement of the
resi.sta.nce change by use of a bridge is a possible method
of rnea.suring the magnetic-field strength. At present a
powe~:>ful ma~etj.c field is necessary in order to make
practical measurerientso Considerations of the available
?owsr su-oply eliminated this method.

Method 2c.- The method finally selected - thet using
an a-c. voltmeter, an a-c. field, and alsmall search coil
for the ‘eickug device - appeared to be the means which
would be least trcubl.csome and which would ~ise easily
ava.ils.ble and simple components. Details of this method
are given in th~ re~ort.
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Figure L
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- Illustmtion of the ro//ing -up of the truiling - vortex sheet
behind a, rectungulor wing of low uspect ratio. ‘%1P.
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Figure 3.- Preliminary electromagnetic-analogy model of elliptic wing
of aspect ratio 3 with flat-plate-type loading. [Wake represented
for distance equal to about twice wing span. )
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Figure 6.- An electromagnetic-analogy model constructed of flat aluminum
strips. (Model represents one semispan of an elliptic wing having an
aspect ratio of 3 with elliptic chord loading. )
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(a)

Figure 7.- Representative search coils.

(b)
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